Let M be an even-dimensional closed oriented manifold and g a periodic automorphism of M of order p. In this paper, under the assumption that the fixed points of g k (1 ≤ k ≤ p − 1) are isolated, a calculation formula is provided for the homomorphism I D : Z p → R/Z defined in [6] for equivariant twisted signature operators D over M. The formula gives a new method to study the periodic automorphisms of oriented manifolds. As examples of the application of the formula, results about the existence of the cyclic group action for 2,4,6-dimensional closed oriented manifolds are obtained.
Introduction

Let M be a 2m-dimensional closed oriented manifold and G a finite group acting on M. We assume that the action of G is effective and orientation-preserving. Let g be an element of G of order p ≥ 2 and Z p = g the cyclic group generated by g. In this paper, we set the following assumption. Assumption 1.1. Some g k (1 ≤ k ≤ p − 1) has a fixed point, and any fixed point of g k is isolated for 1 ≤ k ≤ p − 1 if g k has a fixed point.
In [6] we introduce a group homomorphism I D by using an elliptic operator D adapted to a geometric structure of a manifold, and in [7] we apply this homomorphism to the existence problem of finite group actions on almost complex manifolds under the assumption above.
Let D be a G-equivariant elliptic operator. Then a homomorphism I D from G to R/Z is defined by where Ind is the Atiyah-Singer index (see [3] ) and ξ p is the primitive p-th root of unity defined by ξ p = e 2π √ −1/p .
We can express the value I D (g) by the fixed point data of the g k -action (1 ≤ k ≤ p − 1) by using the equality (1) and the fixed point formula of Atiyah-Segal-Singer [2] , [3] . Since I D is a homomorphism, the equalities I D (g z ) = zI D (g), I D (gh) = I D (g) + I D (h) hold for any g, h ∈ G and any integer z because R/Z is an abelian group. These properties of I D impose conditions on the fixed point data and a calculation formula to obtain the precise value of I D can be used to examine the existence of a finite group action on M.
When M is a 2m-dimensional closed almost complex manifold and the g-action preserves the almost complex structure of M, we give a formula to calculate I D (g) precisely for the ⊗ m j=1 ⊗ j ∧ j C TM -valued Dolbeault operator D over M in [7] Theorem 2.2. Though the formula is useful for closed almost complex manifolds, we need a formula to calculate the precise value of I D (g) for equivariant elliptic operators D which is adapted for closed oriented manifolds, which do not necessarily have almost complex structure.
In [9] Zagier gives a formula which enables us to calculate the precise value of I D (g) for the equivariant non-twisted signature operator D under Assumption 1.1. . Let p be a natural number which is greater than 1 and a 1 , · · · , a n natural numbers which are prime to p. Then the following equality holds:
As we see later (see (4) ) the left hand side of the equality above is equal to the sum of indices for the equivariant non-twisted signature operator, and the equality implies that the sum is a rational number.
In this paper, generalizing the Zagier's formula, we give a formula to calculate the precise value of I D (g) for equivariant twisted signature operators D over 2m-dimensional closed oriented manifolds to examine the existence of a finite group action on the manifolds.
Rotation angles of periodic automorphisms
Let M be a 2m-dimensional closed oriented manifold and p a natural number which is greater than 1. Assume that the cyclic group Z p = g acts on M. Under Assumption 1.1, let Ω be the union of the fixed points of g k for 1 ≤ k ≤ p − 1 and suppose that the image π(Ω) consists of b points y 1 , · · · , y b ∈ M/Z p where π : M −→ M/Z p is the projection. In this paper, the Z p -action is called the Z p -action of isotropy orders (p 1 
}, the next equality holds:
the corresponding eigenvectors such that
is positive with respect to a positive 2m-form ω where
In this paper the set {τ i j } (1 ≤ j ≤ m) is called the rotation angle of g r i around the points in π −1 (y i ) and the set
is called the rotation angle of g. The rotation angle of g is also expressed as
Note that the equality
implies the equality
is also the rotation angle of g r i when m ≥ 2 because
is also positive. Hence if p i is even and some
also the rotation angle of g r i for k j and therefore we can assume that 1 ≤ τ i j ≤ p i /2. Corresponding to the irreducible representations of the rotation group, complex Z p -vector bundles E 1 ,··· , m are defined for non-negative integers 1 , · · · , m as follows:
and the E 1 ,··· , m -valued signature operator D 1 ,··· , m is defined. Note that E 0,··· ,0 is a trivial line bundle and D 0,··· ,0 is the equivariant non-twisted signature operator. Suppose that the rotation angle of g r i around the points
exists if and only if k equals r i κ for 1 ≤ i ≤ b, 1 ≤ κ ≤ p i − 1 and it follows from the signature theorem and the G-signature theorem that
where σ j (x 2 1 , · · · , x 2 m ) for the j-th elementary symmetric function σ j is the j-th Pontrjagin class of M (see [3] (6.5), (6.6), [5] Definition 2.4. Let p be a natural number which is greater than 1 and a, b integers where b is prime to p. Then using the Euler's function ϕ, we define integers a , b as follows:
In this paper, we call b the mod.p-inverse of b. 
Proof. Since the total Chern class of TM ⊗ C equals
Hence it follows that
Example 2.7. Assume that m = 2 and let p 1 be the first Pontrjagin number of M. Then we have
,
, and hence it follows from Proposition2.6 that
Definition 2.8. Let p be a natural number which is greater than 1. Then for any integer λ, a real number ρ p (λ) is defined by
Clearly ρ p has the following properties:
which implies that
for integers μ, λ 1 , λ 2 , · · · , λ j where
We set that the binomial coefficient 0 0 and 0 0 are equal to 1 hereafter.
where σ j−2s is the j − 2s-th elementary symmetric function and
Then we have
Proof. Since the eigenvalues of
where n 1 , · · · , n m are integers such that 0 ≤ n 1 , · · · , n m ≤ 2 and
Let r, j − 2r be the numbers of 2's and 1's in n 1 , · · · , n m . If 2r < j and n s 1 = · · · = n s j−2r = 1, we have
because the number of (t 1 , · · · , t r ) such that 1 ≤ t 1 < · · · < t r ≤ m and that n t 1 = · · · = n t r = 2 is m− j+2r r . Hence we have
Example 2.10. When m = 1, it follows from Proposition 2.9 that
Next assume that m = 2 and that ( 1 , 2 ) (0, 0). Let σ k the k-th elementary symmetric polynomial in
Then it follows from Proposition 2.9 that
and using the property (7) we can express the value above as a summation of
It follows from Proposition 2.9 that Ch(E
is expressed as a summation of products of ρ p i (μ i )'s with integer coefficients and h( 1 , · · · , m ) where μ i 's are non-negative integers.
is expressed as a summation of ρ p i (μ)'s with integer coefficients because 2 = ρ(0).
where θ = 1 or 2, n s 's are natural numbers, z is a natural number which is prime to p and μ is 's are non-negative integers, it follows from (3), (4) and (5) that
So we can calculate θI D 1 ,··· , m (g z ) precisely if we can express the value
as a rational number (see Theorem 3.6).
Proposition 2.12. Let p be a natural number which is greater than 1 and R(x) a rational function with real coefficients. Then
Proof. Since R is a rational function with real coefficients, we have
Proposition 2.13. Let p be a natural number which is greater than 1, a an integer and b j (1 ≤ j ≤ 2γ) natural numbers which are prime to p. Then we have
Proof. It follows from Proposition 2.12 that the left-hand sides of the equalities above are real numbers. Hence it follows from the equalities below
Definition 2.14. Let p be a natural number which is greater than 1 and b 1 , · · · , b 2n natural numbers which are prime to p. Then a rational number ζ j (p;
and let a be a non-negative integer. Then an integer
ψ(a, c n ; t n−1 )
for 2 ≤ j ≤ n and
where ψ is an integer defined by
. Remark 2.15. For j > 0 it follows from Theorem 1.3 that
Definition 2.16. For a non-negative integer n and narural numbers a, c, p, q, integers φ n (a, c) and β(n, p, q) are defined by
Proposition 2.17. For narural numbers a, c, we have
Proof. Since there are a − 1 t's {c, 2c, · · · , (a − 1)c} which satisfy the conditions that 0 < t < ac and that t is a multiple of c, we have
For n ≥ 1 we have
Example 2.18. Using the proposition above, we have
and hence it follows that
ψ(a, c n ; t n−1 ) 
Main results
where a = μb 2n .
Proof. When μ = 0, as we see in Remark 2.15, the equality above holds. So we assume that μ > 0 hereafter. Set
.
Note that the values F γ , G γ , f γ , g γ are invariant under the substitution a → a+p, b j → b j +p, and that for any integer a we have
Note moreover that for a natural number λ which is prime to p, we have
As we see in Proposition 2.13, F γ , G γ are real numbers and the following equalities hold for γ ≥ 1:
Moreover it follows from Proposition 2.12 and (10) that
and similarly that G 0 (a) = g 0 (a).
Lemma 3.2. For 0 ≤ k ≤ n the following equality holds:
Proof. When k = 0, we have
For 1 ≤ k ≤ n since the map b 2k k → k gives a bijection of Z p , we have
which is equal to ζ k (p; b 1 , · · · , b 2k ) as we see in Remark 2.15.
Proof. It follows from the Eisenstein's formula
(see [9] p.103 (22)) that
The next Lemma is the key lemma to prove the theorem.
Proof. Since the map b 2γ k → k gives a bijection of Z p , for γ ≥ 1 we have
and
Hence it follows that
Moreover since the map b 2γ−1 b 2γ k → k gives a bijection of Z p , for γ ≥ 1 we have
where
Here we have
if 0 < t < ac γ and t is a multiple of c γ ,
if 0 < t < ac γ and t is not a multiple of c γ ,
which implies that Λ(t γ−1 ) is equal to ψ(a, c γ ; t γ−1 ). Therefore it follows from (13) that
It follows from the result of Lemma 3.4 that
Here it follows from (16), Example 2.18 and Lemma 3.3 that
and hence we have a n c n t n−1 =0 ψ(a n , c n ;
ψ(a n , c n ;
Moreover we have
and it follows from η 0 (a) = 1 that
Here since k → b 2n k gives a bijection of Z p , it follows from Lemma 3.2 that
This completes the proof of Theorem 3.1. Proof. It follows from the theorem above that
where ν is an integer. Here since η q−k (p; μb 2q , b 2k+1 , · · · , b 2q ) and
are integers for 0 ≤ k ≤ q, it follows that
is an integer. 
Hence it follows from Theorem 3.1 that
Therefore it follows from (3), Proposition 2.6 and (9) that
This completes the proof of Theorem 3.6. Proof. Since m is even, θI D 1 ,··· , m (g z ) does not depend on the natural number z which is prime to p because a is , b i j in the theorem above does not depend on z. Hence setting z = p − 1 which is prime to p, we have 
Here as we see in Example 2.10 we have
Set λ = 1 if p is odd and λ = 2 if p is even. Then it follows from Corollary 3.7, (24) and the equalities above that
, the next equality also holds.
and since 2 is prime to p if p is odd, it follows that
For example, we consider the case that M = CP 2 . Let p be a prime number which is greater than 3 and a, b natural numbers such that 1 < a < b < p. Then 
Then r i = 1 for 1 ≤ i ≤ 3 and we have
On the other hand since 3 ≡ 3σ(M) ⇐⇒ 3(σ(M) − 1) ≡ 0 (mod p), M does not admit an Z p -action with the rotation angle above if σ(M) − 1 is not a multiple of p. For example let p be any prime number such that p + 3 is a multiple of 4 and set n = (p+3)/2. Let M be the connected sum of n copies of CP 2 and n−2 copies of CP 2 which is the underlying manifold of CP 2 with the orientation reversed. Then the Euler number e(M) of M is equal to 2n and the equality (2) is satisfied for b = 3. But since σ(M)−1 = n−(n−2)−1 = 1 is not a multiple of p, M does not admit an Z p -action with the rotation angle above. Note that M does not admit any almost complex structure because e(M) + σ(M) = 2n + 2 is not a multiple of 4 (see [8] p.1625).
Example 4.3. Let M be a 6-dimensional closed oriented manifold, which does not necessarily admit an almost complex structure (see Example 3.3 in [7] ). In this example using Theorem 3.6, we show that M does not admit the Z 6 -action of isotropy orders
Here we assume that M admits a Z 6 -action of isotropy orders above. Then it follows from the equality (2) that the Euler number e(M) of M satisfies the equality:
which implies that there does not exist such a Z 6 -action above unless the following condition is satisfied:
e(M) is a multiple of 3 and ν + 1 − e(M) 3 is an even number .
So we assume that the condition above is satisfied.
Let g be a generator of Z 6 and {τ i1 , τ i2 , τ i3 } the rotation angle of g r i . Note that τ 1 j = 1 or 5 and τ 2 j = 1 or 2 for 1 ≤ j ≤ 3 and hence the mod.p i -inverse of τ i j is equal to τ i j itself for i = 1, 2. Here it follows from Proposition 2.9 that
(n 5 , μ i5 ) = (2, τ i1 ) , (n 6 , μ i6 ) = (2, τ i2 ) , (n 7 , μ i7 ) = (2, τ i3 ) . where F s (i, z) = −η 2 (p i ; zμ is , τ i1 , τ i2 , τ i3 , z) + ζ 1 (p i ; τ i1 , τ i2 )η 1 (p i ; zμ is , τ i3 , z) + ζ 2 (p i ; τ 11 , τ 12 , τ 13 , z) .
Here it follows from Example 2.18 for n = 2 that When i = 1, p i = 6 , z = 1 , (τ 11 , τ 12 , τ 13 ) = (1, 1, 1), we have does not hold for τ 1 j = 1, 5 (1 ≤ j ≤ 3) and τ 2 j = 1, 2 (1 ≤ j ≤ 3). This is a contradiction and therefore M does not admit the Z 6 -action of isotropy orders above. For example let N be a 4-dimensional closed oriented manifold, R a compact Riemann surface of genus r such that r ≡ 1 (3) and set M = N × R. Then the Euler number of M is a multiple of 6 because the Euler number of R is 2(1 − r), and the condition (30) is satisfied for any odd natural number ν. Then it follows from the result above that M does not admit the Z 6 -action of isotropy orders (p 1 , p 2 , p 3 , · · · , p ν+2 ) = (6, 3, 2, · · · , 2) . Remark 4.4. In the example above, M is an almost complex manifold if N is an almost complex manifold. But the Z 6 -action does not necessarily preserve the almost complex structure and the result above can not be obtained from the methods in [7] , where the action is assumed to preserve the almost complex structure.
